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Abstract
In general, when a black hole evaporates, there arises a net energy flow from black
hole into its outside environment due to Hawking radiation and energy accretion onto
black hole. The existence of energy flow means that the thermodynamic state of the
whole system, which consists of a black hole and its environment, is in a nonequilib-
rium state. To know the detail of evaporation process, the nonequilibrium effects of
energy flow should be taken into account. The nonequilibrium nature of black hole
evaporation is a challenging topic including issues of not only black hole physics but
also nonequilibrium physics. Using the nonequilibrium thermodynamics which has
been formulated recently, this report shows: (1) the self-gravitational effect of black
hole which appears as its negative heat capacity guarantees the validity of generalized
2nd law without entropy production inside the outside environment, (2) the nonequi-
librium effect of energy flow tends to shorten the evaporation time (life time) of black
hole, and consequently specific nonequilibrium phenomena are suggested. Finally a
future direction of this study is commented. This report summarizes three rather
long papers [8, 9, 10] without loading readers too much into the detail of discussions
and analyses.
1 Challenge to nonequilibrium nature of black hole evaporation
The black hole evaporation is one of interesting phenomena in black hole physics [1]. A direct treatment
of time evolution of the evaporation process suffers from mathematical and conceptual difficulties; the
mathematical one will be seen in the dynamical Einstein equation in which the source of gravity may be
a quantum expectation value of stress-energy tensor of Hawking radiation, and the conceptual one will
be seen in the definition of dynamical black hole horizon. Therefore an approach based on the black hole
thermodynamics [1, 2, 3] is useful.
Exactly speaking, dynamical evolution of any system is a nonequilibrium process. If and only if ther-
modynamic state of the system under consideration passes near equilibrium states during its evolution,
its dynamics can be treated by an approximate method, the so-called quasi-static process. In this ap-
proximation, it is assumed that the thermodynamic state of the system evolves on a path lying in the
state space which consists of only thermal equilibrium states, and the time evolution is described by
a succession of different equilibrium states. However once the system comes far from equilibrium, the
quasi-static approximation breaks down. In that case a nonequilibrium thermodynamic approach is nec-
essary. For dissipative systems, the heat flow inside the system can quantify the degree of nonequilibrium
nature [4, 5, 6].
For the black hole evaporation, when its horizon scale is larger than Planck size, it is relevant to
describe the black hole itself by equilibrium solutions of Einstein equation, Schwarzschild, Reissner-
Nortstro¨m and Kerr black holes, because the evaporation proceeds extremely slowly and those equilibrium
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as an invited contribution chapter (titled BH evaporation as a nonequilibrium process) in an edited book Classical and
Quantum Gravity Research Progress (tentative title), Nova Science Publisher.
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solutions are stable under gravitational perturbations [7]. The slow evolution is understandable by the
Hawking temperature [1] which is regarded as an equilibrium temperature of black hole,
Tg :=
m2pl
8πM
, (1)
where M is the black hole mass, mpl is the Planck mass and the units c = ~ = kB = 1 and G = 1/m
2
pl
are used. Obviously a classical size black hole (M ≫ mpl) has a very low temperature. This means a
very weak energy emission rate by the Hawking radiation which is proportional to (2GM)2 T 4g due to the
Stefan-Boltzmann law. Therefore the quasi-static approximation works well for the black hole itself during
its evaporation process. However the outside environment around black hole may not be described by
the quasi-static approximation because of the energy flow due to the Hawking radiation. The Hawking
radiation causes an energy flow in the outside environment, and that energy flow drives the outside
environment out of equilibrium. As indicated by eq.(1), the black hole temperature and the energy
emission rate by black hole increase as M decreases along the evaporation. The stronger the energy
emission, the more distant from equilibrium the outside environment. Therefore the nonequilibrium
nature of the outside environment becomes stronger as the black hole evaporation proceeds. At the same
time, the quasi-static approximation is applicable to the black hole itself since equilibrium black hole
solutions are stable under gravitational perturbation. Hence, in studying detail of evaporation process,
while the black hole itself is described by quasi-static approximation, but the nonequilibrium effects of
the energy flow in the outside environment should be taken into account.
In the above paragraph, the energy accretion onto black hole is ignored. However if the temperature
of outside environment is non-zero and lower enough than the black hole temperature, then the black hole
evaporates under the effect of energy exchange due to the Hawking radiation and the energy accretion.
In this case the same consideration explained in the above holds and we recognize the importance of the
net energy flow from black hole to outside environment. Dynamical behaviors of black hole evaporation
will be described well by taking nonequilibrium nature of the net energy flow into account.
In next section, we start with constructing a nonequilibrium thermodynamics suitable to the nonequi-
librium nature of black hole evaporation [8]. Then it is applied to black hole evaporation. Section 3
summarizes [9], which reveals that the generalized second law is guaranteed not by self-interactions of
matter fields around black hole which cause self-production of entropy inside the matters, but by the
self-gravitational effect of black hole appearing as its negative heat capacity in eq.(3). Section 4 sum-
marizes [10], which reveals that the nonequilibrium effect tends to accelerate the evaporation process
and, consequently, gives a suggestion about the end state of quantum size black hole evaporation in the
context of the information loss paradox. Finally section 5 concludes this report with comments for future
direction of this study.
Throughout this report except for eq.(1), Planck units are used, c = ~ = G = kB = 1.
2 Basic consideration and Steady state thermodynamics
According to the black hole thermodynamics [2], a stationary black hole can be regarded as a black
body, an object whose thermodynamic state is in thermal equilibrium. For simplicity, let us consider a
Schwarzschild black hole. Its equations of states as a black body are
Eg =
1
8πTg
=
Rg
2
, Sg =
1
16πT 2g
= πR2g , (2)
where Eg is mass energy, Rg is areal radius of horizon, Tg is the Hawking temperature, and Sg is the
Bekenstein-Hawking entropy. It is obvious that the heat capacity of a black hole is negative,
Cg :=
dEg
dTg
= −
1
8πT 2g
= −2πR2g < 0 . (3)
The negative heat capacity is a peculiar property to self-gravitating systems [11]. Therefore the energy
Eg encodes well the self-gravitational effects of black hole on its own thermodynamic state. Furthermore
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it has already been revealed that, using the Euclidean path-integral method for a black hole spacetime
and matter fields on it, an equilibrium entropy of whole gravitational field on a black hole spacetime is
given by the Bekenstein-Hawking entropy [12]. This means Sg in eq.(2) is the equilibrium entropy of
whole gravitational field on black hole spacetime, and the gravitational entropy vanishes if there is no
black hole horizon. Hence we find that energetic and entropic properties of a black hole are encoded in
the equations of states (2).
As mentioned section 1, the nonequilibrium nature arises in the matter fields around black hole due
to energy flows by Hawking radiation and by matter accretion from the outside environment onto the
black hole. In general, nonequilibrium phenomena is one of the most difficult subjects in physics, and
it is impossible at present to treat the nonequilibrium nature of black hole evaporation in a full general
relativistic framework. For simplicity, let us assume that the matter fields around black hole are not
only massless but also non-self-interacting (gas of collisionless particles), and call the matter fields the
radiation fields. Furthermore, we resort to a simplified model which reflects the nonequilibrium effects of
energy exchange between a black hole and its environment [10]:
Nonequilibrium Evaporation (NE) model: Put a spherical black body of temperature Tg in a heat
bath of temperature Th(< Tg), where the equations of states of the spherical black body are eq.(2)
and we call the black body the black hole. Let the heat bath (the outer black body of temperature
Th) be made of ordinary materials of positive heat capacity. Then, hollow a spherical region out of
the heat bath around the black hole as seen in fig.1. The hollow region is a shell-like region which is
concentric with the black hole and separates the black hole and the heat bath, and filled with matter
fields emitted by them. For simplicity the matter fields are non-self-interacting massless matter
fields, which we call the radiation fields. Furthermore, in order to validate using the “equilibrium
(static)” equations of states (2), we assume the following:
Quasi-equilibrium assumption: Time evolution in the NE model is not so fast that the thermody-
namic states of black hole and heat bath at each moment of their evolution are approximated well
by equilibrium states individually. This means thermodynamic state of black hole evolves along a
sequence of equilibrium states in the state space during the time evolution of the whole system. The
same is true of the heat bath. (Recall a quasi-static process in ordinary thermodynamics). Then it
is valid to use eq.(2) which describes a static (Schwarzschild) black hole. Also, since Schwarzschild
black hole is not a quantum one, it is required,
Rg > 1 . (4)
Here note that the temperature difference (Tg > Th) causes a net energy flow from the black hole to
the heat bath (a relaxation process), and Tg increases along the decrease of Eg due to the negative heat
capacity given in eq.(3). This relaxation process describes the black hole evaporation in the framework
of NE model.
Here let us comment about terminology. There may be an objection that the term “relaxation” is not
suitable for the case of increasing temperature difference. But in this report, please understand it means
the time evolution arising in isolated inhomogeneous systems.
As mentioned above, we consider the radiation fields in the hollow region. When the number of
independent helicities in radiation fields is N , the Stefan-Boltzmann constant becomes σ = Nπ2/120
(N = 2 for photon). Note that, due to eq.(4) of quasi-equilibrium assumption, the NE model describes
a semi-classical stage of evaporation, Tg < 1. Therefore it is appropriate to evaluate N by the number
of independent states of standard particles (quarks, leptons and gauge particles of four fundamental
interactions), N = O(100).
If a full general relativistic treatment is possible, the Hawking radiation experiences the curvature
scattering to form a spacetime region filled with interacting matters. Then some fraction of Hawking
radiation is radiated back to the black hole from that region. The heat bath in the NE model is understood
as a simple representation of not only matters like accretion disk but also such region formed by curvature
scattering. However the gravitational redshift on radiation fields in the hollow region (the so-called grey
body factor) is ignored in the NE model.
In the hollow region, the nonequilibrium state of radiation fields (at each moment of its time evolution)
are described by a simple superposition of a state of temperature Tg and that of Th, since the radiation
3
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Figure 1: NE model. The radiation fields sandwiched by black bodies are in the two-temperature steady
state.
fields are collisionless gas. That is, the radiation fields are in a two-temperature nonequilibrium state
at each moment of time evolution. Because of the quasi-equilibrium assumption, the two-temperature
nonequilibrium state of radiation fields (at each moment of time evolution) can be described well by a
nonequilibrium state which possesses a net stationary energy flow from the black hole to the heat bath.
We call this macroscopically stationary nonequilibrium state the steady state. Then the time evolution
of radiation fields is expressed by a quasi-steady process in which the thermodynamic state of radiation
fields evolves on a path lying in the state space which consists of steady states, and the time evolution
is described by a succession of different steady states. Hence, we need a thermodynamic formalism of
two-temperature steady states for radiation fields in order to analyze the black hole evaporation process
in the framework of NE model.
The steady state thermodynamics (SST) has already been formulated, and the 0th, 1st, 2nd and 3rd
laws are established in [8]. By the SST for radiation fields, the steady state energy Erad and steady state
entropy Srad of the radiation fields are given as
Erad =
∫
dx3 4σ
(
gg(~x)T
4
g + gh(~x)T
4
h
)
, Srad =
∫
dx3
16σ
3
(
gg(~x)T
3
g + gh(~x)T
3
h
)
, (5)
where ~x is a spatial point in the hollow region, gg(~x) is given by the solid-angle (divided by 4π) covered
by the black hole seen from ~x, and gh(~x) is that given by the heat bath. By definition, gg(~x)+ gh(~x) ≡ 1.
Although the NE model may be too simple, let us try to investigate nonequilibrium effects of the net
energy flow from black hole to its outside environment in the framework of NE model.
Before proceeding to review of black hole evaporation, let us comment about the SST for radiation
fields. Apart from black hole physics, in the existing theories of nonequilibrium dissipative systems, a heat
flow plays the role of well-defined nonequilibrium order parameter, a state variable quantifying the degree
of nonequilibrium nature of the dissipative system. On the other hand, because of the non-dissipative
nature of radiation fields, it has been noticed that a heat bath becomes ill-defined as a nonequilibrium
order parameter of nonequilibrium radiation fields [13]. One of the reason is that the “heat” flow arises
due to dissipation and no heat flow exists in non-dissipative systems like the radiation fields. However a
well-defined nonequilibrium order parameter instead of heat flow has not been found. At least for steady
states (not for general nonequilibrium states), it is proposed in [8] that a well-defined nonequilibrium
order parameter of radiation fields is the temperature difference (e.g. Tg − Th for the NE model).
This is one of peculiar properties of radiation fields. There are some other peculiar thermodynamic
properties of radiation fields due to the non-dissipative nature, which are discussed in [8]. Although a
full understanding of SST for radiation fields is not necessary for black hole evaporation at present, it
may be useful to understand radiative phenomena in astrophysics.
3 Physical essence of generalized 2nd law
For simplicity, consider a black hole evaporation in an empty space. The black hole entropy Sg decreases
as the mass energy Eg decreases along the evaporation process. Then the generalized second law (GSL)
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conjectures that the total entropy Stot = Sg + Sm increases (dStot > 0) as the evaporation process
proceeds, where Sm is the entropy of matter fields of Hawking radiation. There are three candidates for
the physical origin of GSL:
Origin of GSL (a): Self-interactions of matter fields of Hawking radiation (collision of particles and
self-gravitational interaction).
Origin of GSL (b): Gravitational interaction between black hole and matter fields of Hawking radia-
tion (curvature scattering, lens effect, gravitational redshift and so on).
Origin of GSL (c): Increase of temperature Tg along the evaporation process due to the negative heat
capacity Cg < 0 (the evaporation denotes dEg < 0 ⇒ dTg = dEg/Cg > 0). In other words, this
candidate (c) is the self-gravitational effect of black hole, since negativity of heat capacity is due to
the self-gravitation of the system under consideration.
In the existing proofs of GSL [14], all of these candidates are considered and it has remained unclear
which of these dominates over the others. If the GSL would be proven by considering a situation keeping
one of them and discarding the others, then we can conclude that the one kept is the essence of GSL.
In reference [9], it has been revealed that the third candidate (c) is the essence of GSL. The outline of
discussion in [9] is summarized as follows.
Let us consider about the candidates (a) and (b). The (a), self-interaction of matter fields of Hawking
radiation, denotes clearly the positive entropy production rate inside the matter fields. This means that
the self-relaxation (self-production of entropy) of the matter fields occurs due to the self-interactions.
The (b), gravitational interaction between the black hole and the matter fields, causes the relaxation
of the matter fields as well and the matter entropy is produced. Therefore (a) and (b) give a positive
entropy production rate inside the matter fields of Hawking radiation. Matter entropy increases by (a)
and (b) during propagating in the outside space of black hole. On the other hand, the candidate (c),
self-gravitational effect of black hole, does not cause the entropy production inside the matter fields.
The (c) denotes that the entropy of the matter fields just at the moment of its emission at the black hole
horizon (the “inherent” entropy of matter fields) increases as the black hole evaporation process proceeds,
because the temperature Tg of the “entropy source” increases. This is not the self-production of entropy
by matter fields, but the emission of entropy by the black hole.
The NE model includes (c) due to the equations of state (2), but not (a) because the radiation
fields are of massless non-self-interacting. Here recall that (b) causes a relaxation of matter fields and,
as mentioned section 2, the heat bath in NE model is understood as a very simple and rough model
representing (b). Then a black hole evaporation which reflects only (c) can be obtained by removing
the heat bath from the NE model and makes the radiation fields spread out into an infinitely large flat
spacetime (black hole evaporation in an empty space with ignoring the grey body factor). With removing
the heat bath, the total entropy Stot := Sg + Srad is calculated concretely using Sg in eq.(2) and Srad in
eq.(5). Time evolution of Stot(t) is induced by the energy emission by black hole which is estimated by
the Stefan-Boltzmann law dEg/dt = −σ T
4
g Ag, where Ag = 4πR
2
g is surface area of black hole and a time
t corresponds to a proper time of rest observer distant from black hole. Since Stot(t) has too complicated
functional form of t, analytic proof of dStot/dt > 0 will be difficult. Then we plot Stot(t) numerically.
The result is shown in fig.2. In this figure, τ := t/tempty is a time normalized by the evaporation time
(life time) of black hole evaluated by the Stefan-Boltzmann law, ΣNE := Stot(τ)/Stot(0) is a total entropy
normalized by its initial value. Furthermore λ is defined as λ := tempty/Rg(0), where the initial radius
of black hole Rg(0) gives a typical time scale of radiation fields to spread out into infinitely large space.
Using the Stefan-Boltzmann law we can find λ ∝ Rg(0)
2. The larger the parameter λ, the slower the
evaporation proceeds and the more valid the quasi-equilibrium assumption. As shown in fig.2, dStot > 0
is found and it is concluded that (c) is the physical essence to guarantee GSL:
Conclusion I by [9]: It is not the interactions of matter fields around black hole, but the self-gravitation
of the black hole (negative heat capacity) which guarantees the validity of GSL.
Furthermore, fig.2 shows that the final value of total entropy is about ΣNE(tempty) ∼ 1.33 for suffi-
ciently large λ. On the other hand, if we consider a black hole evaporation including the candidates (a)
and (d) together with (c), then the total entropy of such case will become larger than ΣNE which is
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Figure 2: Time evolution of normalized total entropy ΣNE in the framework of NE model.
evaluated only with (c). Therefore ΣNE in fig.2 expresses a lower bound of total entropy of any possible
black hole evaporation process including (a), (b) and (c). Hence we can find another conclusion:
Conclusion II by [9]: For black hole evaporation in a full general relativistic framework including self-
interaction of matter fields and gravitational interaction between black hole and matter fields, the
final value of total entropy should be larger than 1.33× its initial value.
Due to eq.(4) of quasi-equilibrium assumption, the NE model is valid only for semi-classical evaporation
stage. However we expect the conclusion II holds even for the quantum evaporation stage, because the
entropy should increase along any classical and quantum evolution process of isolated systems.
Turn our discussion to a possible objection. Concerning the entropy of self-gravitating systems like
black holes, stars and so on, one may think as follows: When an inter-stellar gas collapses to form a star,
the self-gravitational effect of that gas decreases its entropy. Then the black hole evaporation under the
self-gravitational effect of black hole may not result in an increase of total entropy. Let us try to answer
to this objection.
When an interstellar gas collapses to form a star, it is commonly believed that there arises the increase
of net entropy of total system which consists of the collapsing gas and the radiated matters from the gas.
However the self-gravitational effect of the collapsing gas causes the decrease of entropy of the collapsing
gas. It is briefly explained as follows: Since the pressure of that gas at its surface is zero, the “loss” of
energy of collapsing gas par a unit time ∆E due to energy emission is actually the loss of heat due to the
first law of thermodynamics,
∆E ∼ T ∆S (6)
where T is the temperature of collapsing gas, and ∆S is the “loss” of entropy of collapsing gas par a unit
time. The energy loss ∆E is the minus of the luminosity L of collapsing gas, L = −∆E. Then, with the
assumption of local mechanical and thermal equilibrium of collapsing gas at each moment of its collapse,
relation (6) is rewritten more exactly to the following form [11],
L = −
d[U +Ω ]
dt
∼ −T∆S , (7)
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where U is the total internal energy of collapsing gas, and Ω is the total self-gravitational potential given
by
Ω =
∫ M
0
dm
(
−
Gm
r(m)
)
, (8)
where G is Newton’s constant,M is mass of collapsing gas, and the radial distance from the center of gas
r(m) is expressed as a function of mass m inside a sphere of radius r. From the above, we recognize that
the radius r(m) becomes smaller as the gas collapses, then the self-gravitational potential Ω decreases to
result in the radiation of energy L > 0 and the loss of entropy ∆S < 0. This is a similar phenomenon to
the evaporation of black hole itself with decreasing its entropy dSg < 0. On the other hand, if we consider
not a collapsing but an expanding self-gravitating gas, the radius r(m) increases to result in the increase
of entropy ∆S > 0. Here we point out that the Hawking radiation in black hole evaporation corresponds
not to a collapsing gas but to an expanding gas. Therefore, if we consider the radiation fields of Hawking
radiation including their self-gravitational effect, the entropy of radiation will increase during spreading
out into an infinitely large space. This is just the origin (a) of GSL. Hence the entropy of self-gravitating
matter fields of Hawking radiation Sm is larger than that of a non-self-gravitating Hawking field Srad.
This relation Sm > Srad together with the result d(Sg + Srad) > 0 shown in fig.2 imply the objection
mentioned above is not true of the black hole evaporation process.
Finally let us recall a statement given in the beginning of previous paragraph; it is commonly “be-
lieved” that there arises the increase of net entropy of total system which consists of the collapsing gas
and the radiated matters from the gas. One of the reasons why it is not proven but “believed” is that
there has not been nonequilibrium thermodynamics to treat the net entropy. Although we considered
the black hole evaporation in this section, a similar method based on the SST will be applicable to a star
formation process including radiations from collapsing gas. Then “believed” will become “proven”.
4 Black hole evaporation interacting with outside environment
In general, a black hole evaporation proceeds under the effects of interactions with the outside environment
around black hole (e.g matter accretion, curvature scattering and so on). The heat bath in NE model
can be considered as a simple model of such interactions, and it is expected that the analysis of time
evolution of NE model gives a thermodynamic understanding of black hole evaporation interacting with
outside environment.
Hereafter assume that the whole system of NE model (black hole, heat bath and radiation fields)
is isolated from the outside world around heat bath (micro-canonical ensemble). It is useful to divide
the whole system into two sub-systems X and Y. The X consists of the black hole and the “out-going”
radiation fields emitted by black hole, which share the temperature Tg. The Y consists of the heat bath
and the “in-going” radiation fields emitted by heat bath, which share the temperature Th. Then the
energy transport between X and Y is given by the Stefan-Boltzmann law,
dEX
dt
= −σ
(
T 4g − T
4
h
)
Ag ,
dEY
dt
= σ
(
T 4g − T
4
h
)
Ag , (9)
where Ag := 4πR
2
g, EX := Eg + E
(out)
rad (E
(out)
rad :=
∫
dx34σggT
4
g ) is the energy of X, EY := Eh + E
(in)
rad
(E
(in)
rad :=
∫
dx34σghT
4
h , Eh(Th) = energy of heat bath) is the energy of Y, and E
(out)
rad + E
(in)
rad = Erad
by definition (see eq.(5)). This energy transport is consistent with the isolated condition of the whole
system, Etot := EX + EY = constant. In order to analyze these nonlinear equations (9), it is useful to
consider the energy emission rate (luminosity) by the black hole,
Jne := −
dEg
dt
. (10)
The larger the value of Jne, the more rapidly the energy Eg of black hole decreases along its evaporation
process. The stronger emission rate Jne denotes the acceleration of the evaporation process. Furthermore
we compare Jne with
Jempty := σT
4
gAg . (11)
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This Jempty is the energy emission rate by a black hole of the same mass Eg evaporating in an empty
space (as considered in previous section). Then, applying eq.(9) to Jne, we obtain a relation,
Jne
Jempty
=
∣∣∣∣ CgCX
∣∣∣∣
(
1−
T 4h
T 4g
)
, (12)
where CX = dEX/dTg is the heat capacity of sub-system X (see [10] for derivation). By a careful analysis
of Jne/Jempty with a support of numerical solutions of eq.(9), reference [10] gives a non-trivial result
(where tne denotes the time scale of evaporation in the framework of NE model, and tempyt denotes that
in an empty space):
Conclusion by [10]: When the thickness of the hollow region in the NE model (see figure 1) is thin
enough, then Jne/Jempty < 1 holds along the black hole evaporation in NE model and tne > tempty
is obtained. When the hollow region is thick enough, then Jne/Jempty > 1 holds along the black
hole evaporation in NE model and tne < tempty is obtained. (See the following for the non-triviality
of this result.)
One may naively think that the existence of the heat bath (“in-coming” energy flow into the black hole)
always decelerates the evaporation and tne < tempty does not occur. However the above result states that
this naive sense does not work with a thick hollow region. In order to understand the failure of naive sense,
it is important to recognize that the evaporation in an empty space (see previous section) is regarded as
a relaxation process of “isolated” sub-system X keeping EX = constant during the evaporation process,
however the evaporation in the NE model has energy extraction from X by Y due to the temperature
difference Th < Tg.
Then, there are two points to understand the failure of naive sense due to the energy extraction: The
first point is that, because the energy extraction (dEX < 0) occurs along the black hole evaporation
(dTg > 0) and the whole system is isolated (dEX + dEY = 0), then the heat capacity of X is always
negative CX := dEX/dTg = Cg + C
(out)
rad < 0 in the framework of NE model. Here the heat capacity
C
(out)
rad of out-going radiation fields is positive since the radiation fields is an ordinary matter possessing
positive specific heat. Note that, the larger the volume of the hollow region in NE model, the larger
the heat capacity C
(out)
rad and the smaller the absolute value |CX |. This implies that, the more thick the
hollow region, the more accelerated the increase of Tg due to the relation dTg = |dEX/CX |. Therefore,
as the evaporation process proceeds, the energy extraction from X by Y (the increase of Tg) comes to
dominate over the in-coming energy flow into the black hole. This means that the energy emission rate
Jne is enhanced by the energy extraction from X by Y, and then it results in tne < tempty for the NE
model of thick hollow region.
The second point to understand the failure of naive sense is that the energy transport equation
dEg/dt = −Jempty of the evaporation in an empty space can not be obtained from those of NE model (9).
One may expect that the empty case would be recovered by a limit operation, Th → 0 and Vrad → ∞,
where Vrad is the volume of the hollow region. However this operation gives Rg =∞ which is unphysical
(see [10] for calculation). Therefore, the evaporation in an empty space can not be described as some
limit situation of NE model. Hence, the naive sense which is based on a limit operation of NE model
leads a mistake. Furthermore, if the empty case was a limit situation of NE model with infinite volume
of hollow region, the evaporation time of the empty case would be zero (tempty → 0) according to the
above conclusion. However we know tempty 6= 0, and it also implies that the empty case is not a limit
situation of NE model.
Next turn our discussion to the suggestion by the NE model. Because of eq.(4) in the quasi-equilibrium
assumption, the NE model is valid only for semi-classical evaporation stage. The SST for the radiation
fields enables us to estimate the value of quantities like Jne, Eg and Sg at the end of semi-classical
stage (at the onset of quantum evaporation stage) more precisely than the method based on ordinary
thermodynamics. And it is found that Jne is much larger than Jempty :
Suggestion I by [10]: Evaluation of Jne/Jempty implies that the black hole evaporation in the frame-
work of NE model will end with a huge energy burst Jne stronger than that Jempty of the evaporation
in an empty space.
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After the semi-classical evaporation stage, a quantum size black hole evaporation stage follows. We
can guess physically what happens along the quantum evaporation stage using the NE model without
referring to present incomplete theories of quantum gravity: If we assume that the black hole evaporates
out completely at the end of quantum evaporation stage, then the whole system after the complete
evaporation consists of heat bath and radiation fields without including quantum size black hole. Using
the SST for radiation fields, we can calculate the total entropy of that whole system just after the
complete evaporation of black hole. Also the total entropy of NE model just before the onset of quantum
evaporation stage is calculated using the SST. If the complete evaporation of black hole is true of the case,
the total entropy should increase due to the 2nd law of thermodynamics. However, a precise analysis done
in [10] shows the total entropy decreases if we assume the complete evaporation of black hole. Hence, by
the reductive absurdity, the followings are suggested:
Suggestion II by [10]: A remnant of Planck size may remain at the end of the quantum evaporation
stage in order to guarantee the increase of total entropy along the whole process of evaporation.
This suggestion may also relate to the so-called information loss paradox [15]. The information loss
paradox points out an inconsistency between unitarity of quantum system and complete evaporation of
black hole as follows: If a black hole evaporates out completely, then the thermal spectrum of Hawking
radiation implies a thermal radiation remains after the complete evaporation. This also implies that, even
if the initial state of black hole formation (gravitational collapse) consists of pure quantum state, but
the state is transformed to a thermal state at the end of black hole evaporation. Such a transformation
is not unitary. A some kind of information of initial state will be lost during the black hole evaporation
process if it evaporates out completely.
However our suggestion II can propose a possibility that the remnant preserves the initial information,
although we can not say anything about the mechanism how to preserve it. If it is true of the case, the
information loss paradox disappears due to the nonequilibrium effect of black hole evaporation.
5 Concluding comments
The NE model is not a full general relativistic model, and ignoring gravitational redshift and curvature
scattering on radiation fields propagating in hollow region. Towards a general relativistic NE model,
we have to extend the steady state thermodynamics to its general relativistic version. When we will
construct a general relativistic steady state thermodynamics for radiation fields, the gravitational effects
on radiation fields will be included in the NE model.
All of the results in this report are obtained by NE model and based on the steady state thermo-
dynamics for radiation fields. Nonequilibrium thermodynamic approach may be a powerful tool for
investigating the nonlinear and dynamical phenomena. While we considered the radiation fields which
is of non-self-interacting, however nonequilibrium thermodynamics for ordinary dissipative systems has
already been established in, for example, the extended irreversible thermodynamics [4]. It is applicable
not to any highly nonequilibrium state but to state whose entropy flux is well approximated up to second
order in the expansion by the heat flux of a nonequilibrium state under consideration. It is interesting to
consider self-interacting matter field for the Hawking radiation and energy accretion, and apply the ex-
tended irreversible thermodynamics to those fields. Then we may find a variety of black hole evaporation
phenomena. Furthermore apart from black hole evaporation, since accretion disks around black hole seem
to consist of dissipative matters in realistic settings, the extended irreversible thermodynamics may give
a unique new approach to investigate black hole astrophysics. And by applying the extended irreversible
thermodynamics to a collapsing matter, one may give a progress in the research of gravitational collapse.
Apart from black hole physics, the steady state thermodynamics for radiation fields may be helpful to
understand, for example, the free streaming in the universe like cosmic microwave background and/or the
radiative energy transfer inside a star and among stellar objects. Also an example of possible application
to a star formation process is explained at the end of section 3.
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